Connection between Wigner distribution of nonclassical fields and 

collapse-revival of atomic dynamics 
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The transient evolution of nonclassical radiation fields interacting with an atom in a cavity is 
correlated to the atomic dynamics. Connection between the atomic phases of collapse and revival, 
and the Wigner function pattern is explored. Initial classical coherent field can evolve into non- 
classical field. Schrodinger cat state field is generate during the atomic collapse phase. For initial 
Schrodinger cat field state, the state dissolves with time but revives during the atomic phase that 
corresponds with the initial phase. More intricate but orderly characteristics are found between the 
collapse- revival dynamics and the patterns of the Wigner function for initial thermal field. 

PACS numbers: 



Introduction 

Schrodinger 's cat state \a) ± — a), a superposition 
of classical (coherent) states, is a nonclassical state. One 
of the challenges in quantum communication science is 
to produce the state with large \a\ 2 . Six atoms atomic 
cat state [5] has also been produced. The cat state for 
fields may be produced from squeezed sources, linear pro- 
cesses, simple photon counting scheme [2], and also by 
conditional measurement [3]. Single photon subtraction 
from a squeezed vacuum state can generate Schrodinger's 
kitten (small |a| 2 ) via a technique which involves homo- 
dyne detection [4j]. Recently, large-amplitude coherent- 
state superposition has been generated via photon sub- 
traction @. These are promising developments toward 
macroscopic quantum superposition of states for quan- 
tum information processing. 

Photon substraction via conditional measurement can 
improve the quality of teleportation with continuous vari- 
ables Q. Photon subtraction of squeezed vacuum gives 
coherent superposition of odd photon number states with 
nonclassicality[8j, such as negativity of the Wigner func- 
tion and sub-Poissonian statistics |9[. Entanglement be- 
tween two pulses that are Gaussian quadrature-entangled 
can also be increased by coherent subtraction of single 
photons [10[. 

Conversely, m-photon addition of coherent state pro- 
duces phase squeezing, sub-Poissonian statistics and neg- 
ativity of the Wigner function [11]. Similar nonclassical 
character is found in photon-added even and odd coher- 
ent states (positive and negative Schrodinger's cat) [12[. 
For time dependent electromagnetic field frequency, pho- 
ton addition of coherent state gives enhanced dynamical 
squeezing [13]. In general, both the subtraction and ad- 
dition of single photon give nonclassical results. 

Since photon addition (subtraction) correspond to 
downward (upward) transition in atomic dynamics, the 
atom and the field are closely correlated. Thus, the dis- 
tinct mechanisms between photon addition and subtrac- 
tion can be better understood by looking at the atomic 
dynamics of a single atom-single mode cavity field sys- 
tem. Such cavity system has displayed quantum effects 
like Rabi oscillations, collapse-revival dynamics Q an d 



atom- field entangled states [151 ] . 

In this letter, we explore the nature of nonclassi- 
cal fields by studying the atomic dynamics, particularly 
the connection between the nonclassical behavior of the 
Wigner function and the phenomena of collapse-revival or 
atomic inversion. Although such system was studied by 
ref. [l6[ , it was confined only photon addition process on 
single mode thermal field and weak coupling (short time) 
regime gt << 1. Our present work is valid for arbitrary 
time. One interesting result is that the Schrodinger cat 
state can be generated from coherent state during the 
collapse in the atomic inversion. The results in this work 
provide insights into the subtle effect of atomic quantum 
interference on nonclassical light, photon subtraction and 
addition processes; and lead to the possibility of control- 
ling the quantum state of the field by controlling the 
atomic dynamics. 

Atom-field dynamics in cavity 

The single mode-single atom (two levels a and b) 
dynamics is governed by the interaction Hamilto- 



nian V = hg(a^ae z + a— a + e ) (in interaction 
picture) with cr + = \a)(b\, and cr_ = \b)(a\ and 
A = uo — v. Consider that initially the atomic state 
p a (0) is uncorrelated to the field p(0), so p(0) = 
pf(0) Pa(0). The evolution of the atom- field system 
evolves according to \ip(t)) = ^2 n [C ai n(t)\a,n) + 
Cb,n(t)\b,n)] with the coefficients given by[l8[ 
Cin(t) = e^/ 2 [C a , n (0)r n - iC hin+1 (0)q n ],C hin (t) = 



e-* At / 2 [C M (0)r*_ 
r n = cos(^Y) 



5 & 



and f) 2 = A 2 + 4g 2 (n + 1). The initial coefficients are 
C a>n (0) = Ca(0)C n (0), C 6 , n +i(0) = C 6 (0)C n+ i(0) satisfy 

|c a (o)i 2 + ia(o)i 2 = i. 

In general, the matrix elements of the field is obtained 
by tracing out the atomic system (a), p nm = (n\pf\m) = 
J2(n\p ss \m) where p f = Tr a {p(t)} = Pss pss = 

s s—a,b 

(s\p\s), (n\p 88 \m) = C 8in (t)C* im (t) (s = a, b). 
Field density matrix elements 

From the full expressions for the coefficients C a , n (t) 
and Cb,n(t), the transient density matrix elements of the 



i(0)q n - 
_ 2g± 



where 
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field can be obtained from 

Pnm 

(t) = (n\{p aa (t) + Pbb(t)}\m) 

= C a , n (t)C* (t) + C byn (t)Ci m (t) 



(i) 



Since initial atomic state is not correlated to the field, 
C*,n(0)C* n /(0) = C x (0)(7*(0)p nn /(0) we may write the 
expression for p n m(f) that is general valid, even for mixed 
field states 



Pnm(f) — {|Ca(0)| T n r m + | Cfo (0)1 r ra — 1 T n— 1 }pnm (0) H~ 9n9mPn+l,m+l(0) H~ |Ca(0)| Qn—lQm—lPn—l,m — l (o) + 

(0) (0)} + iC fc (0)C a *(0){ (0) - g n r^p n+ i >m (^) 



r 



where p n m(0) = (n\pf(0)\m) with p/(0) being the ini- The dynamics of atomic inversion n a b — 

tial state of the field. This expression will be used to Emil^a.^WI 2 — \Cb,m(f)\ 2 } is computed by trac- 

compute the Wigner function for the field. ing over the photon number states, using 

Atomic inversion 

I 



^ab = [{\ c a(0)r m (t)\ 2 - |C 6 (0)r m _i(t)| 2 }p m (0) + |C 6 , m+ i(0)g m | 2 p m+ i(0) - |C a (0)g m _i |Vi(0)] (3) 

m 

I 



Wigner function versus density matrix elements 
Nonclassical states of light have been studied through 
various physical parameters; the most typical ones be- 
ing squeezing, antibunching in G^ 2 \ entanglement crite- 
ria, Mandel's Q and Wigner's function. The squeezing 
and sub-Poissonian may not serve reliably to quantifying 
nonclassicality[l|, pi}- Negativity of the Wigner function 
is a more reliable quantity and has been used to study 
the concept of photon addition and subtraction processes 
for producing nonclassical states. The relation between 
the Wigner function and the density matrix elements for 
the field p nm can be derived [18j by using the identities 
found in [191 ]. 



2e 2 H 2 ^ 
W(a,a*,t) = — 2^pnm(t) 



(4) 



where pf(t) = ^ n \n) p nm {t) {m\ for the field in photon 
number basis. After some calculations using (n\a) = 
e -\*\ 2 /2^ an d ffpmp* n e-W 2 eW* 2a - P 2a ^d 2 f3 = 

7rL^- n (|2a| 2 )n!e-l 2a l 2 (2a) m - n we finally obtain 



W(a,a*,t) = ^^[£(-ir^(|2a| 2 )p mm (t)- 

m=0 



E E(- 1 ) n v^! L ^i 2a i 2 )^ 2a ^^ +c - c ->] (5) 



where k = m — n > 0, L*(x) are the associated Laguerre 
polynomials and the first term adds up the diagonal ele- 
ments. This is the main equation, to be used along with 
Eq. [2] for obtaining the results below. 

Initial coherent state 

For coherent state, \cto) = ^2 fn\ n ) with f n = 

n 

e -|<*o| / 2 ^=. For initial Schrodinger's cat states \ip) C at — 
N(\a ) - a » = N^f n \n) with N = 

n 

= , we have f n = e -\*o\ 2 /2 <±[-*o)\ 



y2(l + e- 2 l"ol 2 cose; 

The states are also referred to as even/odd superposi- 
tion of coherent states. Thus, in general pf = |ao)(^o| = 

e -|ao| 2 



\n)(m\ = Pnm(0)\n) (m\ gives 



Pnm(0) = / n /^(0) 



where 



,(0) 



-|«o| 2 



(6) 



and 



m—1 n=0 



\J n\m\ 

for coherent state 



and the Schrodinger's cat states, respectively. Here, 
ao = re z0 and r determines the distance between the 
centroid of the Wigner function and the origin a = 
while determines the angle with respect to Rea. 

Fields with diagonal photon number 

For fields with diagonal number states, 
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Initial coherent state 




FIG. 1: (Color online) Initial coherent state. The tagged 
circles in the first plot correspond to the times for the plots of 
the Wigner function W. Parameters are C a (0) = l,ao = 1. 



Pnm{t) = ^mn{|Ca(0)r ro | 2 + |C 6 (0)r ro _i| 2 }p ro (0) 

+ |C a (0)g m _ 1 | 2 p m _ 1 (0) + \C b (0)q m \ 2 p m+1 (0)} 

Qrn — lPrn — l (o) 
-r* m q n p m (0)} (7) 

where we have abbreviated the diagonal matrix ele- 
ments of the field by p m _i(0) = /o m -i,m-i(0). 

Note that at t = we have VK(a,a*,0) = 

2e ~T l2 Er(- 1 ) nL n(l 2 ^| 2 K(Q). However, for finite t 
the emission and absorption processes develop coherences 
between photon numbers, which are accounted by the 
second line when m = n + 1. 

When C a (0) = 1 only the diagonal elements contribute 

Pnm(t) = 5mn{\r n (t)\ 2 Pn(0) + Qn-1 (t) 2 Pn-l (0)} which 

gives 

2p-2M 2 °° 

W(a,a*,t) = 5>ir^(|2a| 2 ) x 

7T z — ' 

n 

[knW|V(0) +g n -lW 2 Pn-l(0)] (8) 

For thermal state p n (0) = (1 - e -^ hv )e- n ^ hv = 
jr. \ -A n t 1 ^; ) n where n = tt — A — ^ -, . When n is 

(l+n) v (1+n) / exp(huj /hsT) — 1 

large, g n _i ~ g n and p n (0) ~ p n -i(0) are good approx- 
imations, and since r n (t) = cos(%^), q n (i) = sin(^^) 
for A = 0, the Wigner function becomes essentially time 

independent W c * ^(^af). 



Results and Discussions 

We find some interesting properties by comparing the 
dynamics of the inversion n a b(t) with the pattern in 
the Wigner function. For initial coherent state, Fig. [T] 
shows that the field evolves into the Schrodinger cat state 
\^)cat = N(\ao) ± — ao)) when the atomic inversion 
collapse. At points where n a b = 0, the Wigner patterns 
show the features that only resemble the Wigner pattern 
for the cat state, i.e. two main peaks across a = with 
interference fringes in between. However, in the region 
of atomic inversion collapse, i.e. — for a finite pe- 
riod of time (gt = 2.6 — 6.2 in Fig. [1]), we find that 
the Wigner pattern is identical to the ideal Wigner pat- 
tern of the Schrodinger cat. This suggest that the atomic 
collapse phase is associated with photon entanglement. 

Let use now consider the initial Schrodinger's cat state 
\ty) ca t- Figure [2] shows that the two main peaks of the 
cat state "dissolve" initially with time as the inversion 
begins to collapse. The main peaks reappear as the re- 
sult of rephasing, when the inversion revives, as shown 
for gt = 7.2. Even though n a b = at gt = 7.45, the 
Wigner pattern shows the cat state since the atom is in 
the revival state. This situation is reverse from the case 
with initial coherent state in Fig. dJ Thus, the cat state 
is not always associated with the collapse phase. Also, in 
general, the overall shape of the Wigner pattern depends 
on the envelope of the inversion while the detailed signs 
of the peaks in the oscillations depend on the sign of the 
inversion peaks. 

We now consider the atom to be initially in the super- 
position of internal states, C a (0) = C&(0) = while the 
field is still in the initial cat state. As shown in Fig. [3l the 
cat state is found only during the collapse phase, which is 
the same as the initial phase. Base on these observations, 
it may be conjectured that, the state of the field returns 
to or close to the initial state, when the phase returns to 
the initial phase at t = 0. In other words, the revived 
field state corresponds to the initial atomic phase. 

In the case of thermal field (Fig. the inversion is 
connected to the Wigner function in a more sophisticated 
way and yet in an orderly manner. Although there seems 
to be no region of collapse, the points in n a b can be cat- 
egorized three groups. First, at points with n a & = 0, the 
Wigner function shows an alternation between three dis- 
tinct Wigner patterns which we designate as V, □ and 
A. Second, at the positive peaks of n a 5, the Wigner pat- 
tern has only one typical form, the A which looks like 
the "Borobodur". Third, the negative peaks of n a & cor- 
respond to another typical Wigner pattern, the V. 

From the results we may conjecture two points in sum- 
mary. First, an entangled field state can be controlled by 
controlling the atomic dynamics. Second, the atomic dy- 
namics contain information about the nature the fields. 
Verification of these results may involve application of 
tomography technique [20] to map out the transient evo- 
lution of the Wigner function in connection with the 
collapse-revival dynamics. 
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Initial Cat State C a (0) = l,Q(0) = 




Rea * 4-4 



■2 I ma. 



FIG. 2: (Color online) Initial field in Schrodinger cat state while atom is excited. Parameters are C a (0) — 1, C&(0) = 0, ao = >/5, 
= 0. 
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FIG. 3: (Color online) Initial field in Schrodinger cat state while atom is in superposition of excited and ground states. 
Parameters are C o (0) = C b (0) = l/y/2, at = y/E, <\) = 0. 



[1] C.T. Lee, Phys. Rev. A 44, R2775 (1991). 
[2] T. C. Ralph et al, Phys. Rev. A 68, 042319 (2003). 
[3] M. Dakna et a/., Phys. Rev. A 55, 3184 (1997). 
[4] A. Ourjoumtsev et a/., Science 312, 83 (2006). 
[5] D. Leibfried et. al., Nature 438, 639 (2005). 
[6] Hiroki Takahashi et. al., Phys. Rev. A 101, 233605 
(2008). 

[7] T. Opatrny, G. Kurizki, and D.-G. Welsch, Phys. Rev. A 

61, 032302 (2000). 
[8] J. S. Neergaard-Nielsen et. a/., Phys. Rev. Lett. 97, 

083604 (2006). 

[9] A. Biswas and G.S. Agarwal, Phys. Rev. A 75, 032104 
(2007). 

[10] A. Ourjoumtsev, R. Tualle-Brouri, and P. Grangier, 

Phys. Rev. Lett. 96, 213601 (2006). 
[11] G. S. Agarwal, and K. Tara, Phys. Rev. A 43, 492 (1991). 
[12] V. V. Dodonov et a/., Quant. Semiclass. Opt. 8, 413 



(1996). 

[13] V. V. Dodonov et a/., Phys. Rev. A 58, 4087 (1998). 

[14] R. Kanamoto, E. M. Wright, and P. Meystre, Phys. Rev. 
A 75, 063623 (2007). 

[15] A Meunier et a/., Phys. Rev. A 74, 033802 (2006). 

[16] G. N. Jones, J. Haight and C. T. Lee, Quant. Semiclass. 
Opt. 9, 411 (1996). 

[17] G.S. Agarwal and K. Tara, Phys. Rev. A 46, 485 (1992). 

[18] M. O. Scully and M. S. Zubairy, Quantum Optics (Cam- 
bridge University Press, Cambridge, 1997). 

[19] K. E. Cahill and R. J. Glauber, Phys. Rev. 177, 1882 
(1969); Quantum theory of optical coherence: selected 
papers and lectures, R. J. Glauber ( Wiley- VCH, Wein- 
heim, 2007). 

[20] A. I. Lvovsky et a/., Phys. Rev. Lett. 87, 050402 (2001). 



